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Abstract: The object of this paper is to obtain a common fixed point theorem for four 
continuous random operators by considering a sequence of measurable functions satisfying 
certain contractive condition in separable Hilbert space. 
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Introduction: The study of the random fixed point theorems in abstract spaces is initiated by 
Hans [3] and is the stochastic generalizations of the classical fixed point theorems in 
separable Banach spaces. The research along this line gained momentum after the publication 
of the paper by Bharucha – Reid [1] and since then several random fixed point theorems have 
been proved in the literature. Random operator theory is needed for the study of various 
classes of random equations. Now this theory has become the full fledged research area and 
various ideas associated with random fixed point theory are used to obtain the solution of non 
linear random system [7]. The study of the random fixed point theory has attracted much 
attention in recent years [2, 5, 6]. In this paper we construct a sequence of measurable 
functions and consider its convergence to the common unique random fixed point of four 
continuous random operators defined on a non – empty closed subset of a separable Hilbert 
space. For the purpose of obtaining the random fixed point of the four continuous random 
operators, we have used a rational inequality and the parallogram law. 
Preliminaries: 
Throughout this paper (Ω, ∑) denotes a measurable space consisting of a set Ω and sigma 
algebra ∑ of subsets of Ω. H stands for a separable Hilbert space, and C is a non – empty 
closed subset of H. 
Definition 2.1: A function f: Ω  C is said to be measurable if 𝑓−1 (B ∩ C) Є ∑ for every 
Borel subset B of H. 
Definition 2.2: A function F: Ω  C  C is said to be random operator if F (., x): Ω  C is 
measurable for every x Є C. 
Definition 2.3: A measurable function g: Ω  C is said to be random fixed point of the 
random operator F: Ω  C  C if F (t, g (t)) = g (t) for all t Є Ω. 
Definition 2.4: A random operator F: Ω  C  C is said to be continuous if for fixed t Є Ω, F 
(t,.): C  C is continuous. 
Main Result: 
Theorem 1: Let C be a non – empty closed subset of a separable Hilbert space H. Let E, F, S, 
T be four continuous random operators defined on C such that for t Є Ω, E(t, .), F(t, .), T(t, .), 
S(t, .) : C  C satisfy condition.  
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‖Ex −  Fy‖2 ≤  𝛽1  
‖y − Ty‖2 [ 1+‖x – Sx‖
2 
]
1+‖x − y‖2 
    + 𝛽2 [‖x –  Sx‖
2 
+ ‖y −  Ty‖2] 






‖Sx − Ty‖2+‖Ex − Ty‖2
 + 𝛽4 




‖Sx − Ty‖2+‖Ex − Ty‖2
 














                            + 𝛽7 




‖Sx − Fy‖2+‖Ex − Ty‖2
                                                               (1) 
for each x, y Є C, Sx ≠ Ty and ‖Sx −  Ty‖2 + ‖Ex −  Ty‖2  ≠ 0 𝑎𝑛𝑑  𝛽1, 𝛽2 , 𝛽3, 𝛽4, 𝛽5,
𝛽6, 𝛽7  being positive real number.  Then E, F, T, S have a common unique random fixed 
point in C. 
Proof: Let the function 𝑔0: Ω → 𝐶 be arbitrary measurable function. By (1), there exists a 
function 𝑔1 : Ω → 𝐶 such that T (t, 𝑔1(𝑡)) = 𝐸(𝑡, 𝑔0(𝑡)) 𝑓𝑜𝑟 𝑡 Є Ω and for this function 
𝑔1:  Ω → 𝐶, we can choose another function 𝑔2: Ω → 𝐶 such that F(t, 𝑔1(𝑡)) = S(t, 𝑔2(t)) for 
t Є Ω, and so on. Inductively, we can define a sequence of functions for t Є Ω, {𝑦𝑛(𝑡)} such 
that 
𝑦2𝑛(𝑡) = T (t, 𝑔2𝑛+1(𝑡)) = 𝐸(𝑡, 𝑔2𝑛(𝑡)) and 𝑦2𝑛+1(𝑡) = 𝑆(𝑡, 𝑔2𝑛+2(𝑡)) = 𝐹(𝑡, 𝑔2𝑛+1(𝑡)) for 
t Є Ω and n = 0, 1, 2, 3 . . .                                                                                           (2) 
From (1). Now consider for t Є Ω 
‖𝑦2𝑛(𝑡)– 𝑦2𝑛+1(𝑡)‖
2 
= ‖𝐸(𝑡, 𝑔2𝑛(𝑡) –  𝐹(𝑡, 𝑔2𝑛+1(𝑡)‖
2    
𝛽1  
‖S(t,𝑔2𝑛(𝑡))  − E(t,𝑔2𝑛(𝑡))‖
2 [‖T(t,𝑔2𝑛+1(𝑡)) – F(t,𝑔2𝑛+1(𝑡))‖
2 
+ ‖E(t,𝑔2𝑛(𝑡)) – T(t,𝑔2𝑛+1(𝑡))‖
2 




2 + ‖E(t,𝑔2𝑛(𝑡)) − T(t,𝑔2𝑛+1(𝑡))‖
2           










2 + ‖E(t,𝑔2𝑛(𝑡)) − T(t,𝑔2𝑛+1(𝑡))‖
2 ‖E(t,𝑔2𝑛(𝑡)) − F(t,𝑔2𝑛+1(𝑡))‖







2   
+𝛽4
‖T(t,𝑔2𝑛+1(𝑡)) − F(t,𝑔2𝑛+1(𝑡))‖
2 [1+ ‖S(t,𝑔2𝑛(𝑡)) – E(t,𝑔2𝑛(𝑡))‖
2 
]
1+ ‖S(t,𝑔2𝑛(𝑡)) − T(t,𝑔2𝑛+1(𝑡))‖
2 +𝛽5 


























   𝛽1  
‖𝑦2𝑛−1(𝑡)  − 𝑦2𝑛(𝑡)‖
2 [‖𝑦2𝑛(𝑡) – 𝑦2𝑛+1(𝑡)‖
2 
+ ‖𝑦2𝑛(𝑡) – 𝑦2𝑛(𝑡)‖
2 




2 + ‖𝑦2𝑛(𝑡) − 𝑦2𝑛(𝑡)‖
2           










2 + ‖𝑦2𝑛(𝑡) − 𝑦2𝑛(𝑡)‖
2 ‖𝑦2𝑛(𝑡) −𝑦2𝑛+1(𝑡)‖
2         
                                          +𝛽3
‖𝑦2𝑛−1(𝑡) − 𝑦2𝑛(𝑡)‖
2 ‖𝑦2𝑛(𝑡) − 𝑦2𝑛+1(𝑡)‖
2 
‖𝑦2𝑛−1(𝑡) − 𝑦2𝑛(𝑡)‖
2  + 𝛽4
‖𝑦2𝑛(𝑡) −𝑦2𝑛+1(𝑡)‖
2 [1+ ‖𝑦2𝑛−1(𝑡) – 𝑦2𝑛(𝑡)‖
2 
]
1+ ‖𝑦2𝑛−1(𝑡) − 𝑦2𝑛(𝑡)‖
2   
                                          +𝛽5 
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                                        =𝛽1 [‖𝑦2𝑛(𝑡)– 𝑦2𝑛+1(𝑡)‖
2 
+  ‖𝑦2𝑛−1(𝑡) – 𝑦2𝑛+1(𝑡)‖
2 
] + 𝛽3 ‖𝑦2𝑛(𝑡)– 𝑦2𝑛+1(𝑡)‖
2 
                 







                                           +𝛽7[‖𝑦2𝑛−1(𝑡) −  𝑦2𝑛(𝑡)‖
2 + ‖𝑦2𝑛(𝑡) −  𝑦2𝑛+1(𝑡)‖
2 ]  
(1 -2 𝛽1 − 𝛽3 − 𝛽5 − 𝛽6 − 𝛽7)‖𝑦2𝑛(𝑡)– 𝑦2𝑛+1(𝑡)‖
2 






(1 −2 𝛽1−𝛽3−𝛽5−𝛽6 − 𝛽7)
) ‖𝑦2𝑛−1(𝑡) − 𝑦2𝑛(𝑡)‖
2 
‖𝑦2𝑛(𝑡)– 𝑦2𝑛+1(𝑡)‖  k ‖𝑦2𝑛−1(𝑡) − 𝑦2𝑛(𝑡)‖ where k = (
(𝛽1+ 𝛽4+𝛽7)
(1 −2 𝛽1−𝛽3−𝛽5−𝛽6 − 𝛽7)
)
1/2
. Replacing 2n by n we get 
‖𝑦𝑛(𝑡)– 𝑦𝑛+1(𝑡)‖  k ‖𝑦𝑛−1(𝑡) − 𝑦𝑛(𝑡)‖ 
on further reducing ‖𝑦𝑛(𝑡)– 𝑦𝑛+1(𝑡)‖  𝐾
𝑛‖𝑦0(𝑡) − 𝑦1(𝑡)‖ for all t Є Ω.                                                        (3) 
Now we shall prove for t Є Ω, {𝑦𝑛(𝑡)} is a Cauchy sequence. For this for every positive integer p we have, t Є 
Ω. 
‖𝑦𝑛(𝑡)– 𝑦𝑛+𝑝(𝑡)‖ = ‖𝑦𝑛(𝑡)– 𝑦𝑛+1(𝑡) + 𝑦𝑛+1(𝑡) −  𝑦𝑛+2(𝑡) + … 𝑦𝑛+𝑝−1(𝑡) − 𝑦𝑛+𝑝(𝑡)‖  
                                   ‖𝑦𝑛(𝑡)– 𝑦𝑛+1(𝑡)‖+ ‖𝑦𝑛+1(𝑡)– 𝑦𝑛+2(𝑡)‖ + . . . +‖𝑦𝑛+𝑝−1(𝑡)– 𝑦𝑛+𝑝(𝑡)‖ 
                                  [𝐾𝑛+ 𝐾𝑛+1 +  … + 𝐾𝑛+𝑝−1] ‖𝑦0(𝑡) −  𝑦1(𝑡)‖ 
                               =   𝐾𝑛[1 + 𝑘 + 𝐾2 + ⋯ +  𝐾𝑝−1]‖𝑦0(𝑡) −  𝑦1(𝑡)‖ 
                                  
𝐾𝑛
(1−𝑘)
  ‖𝑦0(𝑡) −  𝑦1(𝑡)‖ for all t Є Ω.   
‖𝑦𝑛(𝑡)– 𝑦𝑛+𝑝(𝑡)‖  0 as n  ∞ for t Є Ω.                                                                                                         (4) 
From eq (4), it follows that for t Є Ω, {𝑦𝑛(𝑡)} is a Cauchy sequence and hence is convergent in closed subset C 
of Hilbert space H.  
For t Є Ω, let {𝑦𝑛(𝑡)}  y (t) as n ∞.                                                                                                                             (5) 
Since C is closed, g is a function from C to C and consequently the subsequence{𝐸(𝑡, 𝑔2𝑛(𝑡))}, 
{𝐹(𝑡, 𝑔2𝑛+1(𝑡))}{𝑇(𝑡, 𝑔2𝑛+1(𝑡))}and {𝑆(𝑡, 𝑔2𝑛+2(𝑡))} of {𝑦𝑛(𝑡)} for t Є Ω also converges to the {𝑦(𝑡)} and 
continuity of E, F, T, S gives 
{𝐸(𝑡, 𝑆(𝑡, 𝑔𝑛(𝑡))}  𝐸(𝑡, 𝑦 (𝑡)),{𝑆(𝑡, 𝐸(𝑡, 𝑔𝑛(𝑡))}  𝑆(𝑡, 𝑦 (𝑡)), 
 {𝐹(𝑡, 𝑇(𝑡, 𝑔𝑛(𝑡))}  𝐹(𝑡, 𝑦 (𝑡)) and  {𝑇(𝑡, 𝑆(𝑡, 𝑔𝑛(𝑡))}  𝑇(𝑡, 𝑦 (𝑡)) 
𝐸(𝑡, 𝑦 (𝑡)) =  𝑆(𝑡, 𝑦 (𝑡)), 𝐹(𝑡, 𝑦 (𝑡)) =  𝑇(𝑡, 𝑦 (𝑡))𝑓𝑜𝑟 𝑡 Є Ω 𝑓𝑟𝑜𝑚 (1)                                                           (6) 
Consider for t Є Ω 
‖𝐸(𝑡, 𝑦(𝑡))–  y(𝑡)‖
2 
= ‖𝐸(𝑡, 𝑦(𝑡))– 𝑦2𝑛+1(𝑡) + 𝑦2𝑛+1(𝑡) −  y(𝑡)‖
2 
 
                                                                       2‖𝐸(𝑡, 𝑦(𝑡))– 𝑦2𝑛+1(𝑡)‖
2 
+  2‖ 𝑦2𝑛+1(𝑡) −  𝑦(𝑡)‖
2  
                                                                        2‖𝐸(𝑡, 𝑦(𝑡))–  𝐹(𝑡, 𝑔2𝑛+1(𝑡))‖
2 
+  2‖ 𝑦2𝑛+1(𝑡) −  𝑦(𝑡)‖
2 by (4) 
[By Parallelogram law ‖𝑥 + 𝑦‖2   2 ‖𝑥‖2 +  ‖𝑦‖2 ]    
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‖Ex −  Fy‖2 ≤ 2 𝛽1  
‖(t,𝑔2𝑛+1(𝑡)) − T(t,𝑔2𝑛+1(𝑡))‖




2      
                            +2 𝛽2 [‖(𝑡, 𝑦(𝑡)) –  S(𝑡, 𝑦(𝑡))‖
2 
+ ‖(t, 𝑔2𝑛+1(𝑡))  −  T(t, 𝑔2𝑛+1(𝑡))‖
2] 









2   















2   







2   
                            +2𝛽7
‖S(𝑡,𝑦(𝑡)) − F(t,𝑔2𝑛+1(𝑡))‖






2       
                            + 2‖ 𝑦2𝑛+1(𝑡) −  𝑦(𝑡)‖
2  by (2) 
                           ≤ 2 𝛽1  
‖y(t) – y(t)‖
2




     
                            +2 𝛽2 [‖𝑦(𝑡) –  S(𝑡, 𝑦(𝑡))‖
2 
+ ‖y(t) –  y(t))‖2] 






‖S(𝑡,𝑦(𝑡)) − y(𝑡))‖2+‖E(𝑡,𝑦(𝑡)) − y(𝑡))‖2
  
                            +2 𝛽4 




‖S(𝑡,𝑦(𝑡)) − y(𝑡))‖2+‖E(𝑡,𝑦(𝑡)) −y(𝑡))‖2
 














                            +2𝛽7




‖S(𝑡,𝑦(𝑡)) − y(𝑡))‖2+‖E(𝑡,𝑦(𝑡)) − y(𝑡))‖2
    + 2‖ y(𝑡) −  𝑦(𝑡)‖2   
  ‖𝐸(𝑡, 𝑦(𝑡))–  y(𝑡)‖
2 
 (2 𝛽2 + 2𝛽7)[‖𝑦(𝑡)–  S(𝑡, 𝑦(𝑡))‖
2
+ (2 𝛽3 + 2𝛽4) ‖E(𝑡, 𝑦(𝑡))  −  y(𝑡))‖
2       
(1 -  (2 𝛽3 + 2𝛽4)) ‖𝐸(𝑡, 𝑦(𝑡))–  y(𝑡)‖
2 
 (2 𝛽2 + 2𝛽7)‖𝑦(𝑡)–  S(𝑡, 𝑦(𝑡))‖
2
                
(1 -  2( 𝛽2 + 𝛽3 +  𝛽4 + 𝛽7)) ‖𝐸(𝑡, 𝑦(𝑡))–  y(𝑡)‖
2 
  0 
                                               ‖𝐸(𝑡, 𝑦(𝑡))–  y(𝑡)‖
2 
=   0                                                     
     2( 𝛽2 + 𝛽3 + 𝛽4 + 𝛽7) =  1               
                                   E (t, y(t)) = y(t) for t Є Ω                                                                                                    (7) 
From eq (6) and eq (7) 
E (t, y(t)) = y(t) = S(t, y(t)),                                                                                                   (8) 
In an exactly similar way we can prove for all t Є Ω. 
F(t, y(t))= y(t) = T(t, y(t))                                                                                                    (9) 
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Again, if A: Ω  C C is a continuous random operator on a non – empty subset C of a 
separable Hilbert space H then for any measurable function f : Ω  C, the function             
h(t) = A (t, f(t)) is also measurable [8]. It follows from the construction of {𝑦𝑛(𝑡)} by (4) and 
the above consideration that {𝑦𝑛(𝑡)} is a sequence of measurable functions. From (5), it 
follows that y(t) for t Є Ω is also a measurable function. This fact along with (8) and (9) 
shows that g: Ω  C is a common random fixed point of E, F, S, T. 
Uniqueness: Let h: Ω  C be another random fixed point common to E, F, T and S that is for 
t Є Ω, E(t, g(t)) = g(t), F(t, h(t)) = h(t), T(t, h(t)) = h(t), S(t, g(t)) = g(t). Then for t Є Ω. 
‖g(t) −  h(t)‖2 = ‖E(t, g(t)) − F(t, h(t))‖2  
                                          ≤  𝛽1  
‖h(t) – T(t,h(t))‖2 [ 1+‖g(t) – S(t,g(t))‖
2 
]
1+‖g(t) – h(t)‖2 
    
                                              + 𝛽2 [‖g(t) –  S(t, g(t))‖
2 
+ ‖h(t)  −  T(t, h(t))‖2] 






‖S(t,g(t)) − T(t,h(t))‖2+‖E(t,g(t)) − T(t,h(t))‖2
  
                                               + 𝛽4 




‖S(t,g(t)) − T(t,h(t))‖2+‖E(t,g(t)) − T(t,h(t))‖2
 






2   








                                               + 𝛽7 




‖S(t,g(t)) − F(t,h(t))‖2+‖E(t,g(t)) − T(t,h(t))‖2
 
                   ‖g(t) −  h(t)‖2  ≤  𝛽1  
‖h(t) – h(t)‖2 [ 1+‖g(t) –g(t))‖
2 
]
1+‖g(t) – h(t)‖2 
    + 𝛽2 [‖g(t) –  g(t)‖
2 
+ ‖h(t)  − h(t))‖2] 
                                         +𝛽3
‖g(t) – g(t)‖
2 
[‖ h(t) –  h(t))‖
2
+‖g(t) − h(t)‖2
‖g(t) − h(t)‖2+‖g(t) − h(t)‖2
  
                                                +𝛽4 
‖g(t) −  h(t)‖2[‖g(t) –g(t))‖
2 
+‖ h(t) –  h(t)‖
2 
‖g(t) −  h(t)‖2+‖g(t) −  h(t)‖2
 
                                               +𝛽5
‖g(t)–g(t)‖
2 
‖ h(t) –  h(t)‖
2
‖g(t) − h(t)‖2
 + 𝛽6 





1+‖g(t) −  h(t)‖2
  
                                               + 𝛽7 
‖g(t) −  h(t)‖2 [‖g(t) – g(t)‖
2 
+‖ h(t) – h(t)‖
2
‖g(t) −  h(t))‖2+‖g(t) −  h(t)‖2
 
‖g(t) −  h(t)‖2  ≤ 0 
⇒ g(t) = h(t) for all t Є Ω. 
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